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Abstract 

A non-empty subset A of X = Xi x ■ ■ ■ x Xd is a (proper) box if 
A = Ai X ■ ■ ■ X Ad and Ai C Xi for each i. Suppose that for each pair 
of boxes A, B and each i, one can only know which of the three states 
takes place: Ai = Bi, Ai = Xi\ Bi, Ai ^ {Bi,Xi \ Bi}. Let and ^ 
be two systems of disjoint boxes. Can one decide whether [J ^ — 
In general, the answer is 'no', but as is shown in the paper, it is 'yes' if 
both systems consist of pairwise dichotomous boxes. Several criteria that 
enable to compare such systems are collected. The paper includes also 
rigidity results, which say what assumptions have to be imposed on ^ to 
ensure that [J ^ = [J'^ implies ^ — 'i^. As an application, the rigidity 
conjecture for 2-extremal cube tilings of Lagarias and Shor is verified. 

Key words: box, dichotomous boxes, polybox, additive mapping, index, 
binary code, word, genome, cube tiling, rigidity. 

1 Introduction 

Let T** — {{xi, . . . , a;t;)(mod 2) : {xi, . . . , Xd) G K'*} be a flat torus. Suppose that 
[0, 1)'' A, A e A, is a cube tiling of T'*. The cube tihng [0, 1)'* -I- A is 2-extremal 
if for each A G A there is a unique A' G A such that (|Ai — A'^j, . . . , |Ad — AJ;|) e Z'*. 
Let A_|_, A_ be any decomposition of A such that each of the component 
does not contain any of the pairs {A, A'}, A G A. In an important paper 
|LS2| . where cube tilings of contradicting Keller's celebrated conjecture (see 
|K1[ IK2L IFl ILSII IMal ISSz| ) in a certain strong sense are constructed, Lagarias 
and Shor conjectured that A_|_ and A_ determine each other; that is, if [0, l)'*-|-r 
is another 2-extremal cube tiling of T'', and r_(-, r_ is a corresponding decom- 
position of r, then the equality A_|_ = r+ implies A_ — r_. (Actually, their 
assertion, called in |LS2| the rigidity conjecture for 2-extremal cube-tilings, is 
stated in the language of 2Z'*-periodic cube tilings of W^.) In this paper we 
show that a far reaching generalization of the rigidity conjecture remains valid 
(Theorem 15011 . In a sense, we could say that the latter result is a by-product 
of the present investigations. We arrive at this problem working with slightly 
different structures: partitions of the Cartesian products of the finite sets, called 
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here boxes, into boxes. Our interest in these structures comes from a certain 
minimization problem of Kearnes and Kiss |KK| , which has been solved by Alon, 
Bohman, Holzman and Kleitman (ABHK] . Minimal partitions that are involved 
in their solution have been characterized in [DKP • In Scction|21we extend these 
investigations to what we call polyboxes. 

A non-empty subset A of the Cartesian product X := Xi x ■ ■ ■ x Xd of finite 
sets Xi^ i £ [d], is called a box ii A — Ai x ■ ■ ■ x Ad and Ai C Xi for each 

1 G [d\. We say that A is a /c-dimensional box if \{i S [d] : \Ai\ > 1}| = k. We 
call A proper if Ai ^ Xi for each i G [d]. The family of all boxes contained 
in X is denoted by Box(X), while box(X) stands for the family of all proper 
boxes in X. 

Two boxes A and B in X are said to be dichotomous if there is an i S [d] 
such that Ai — Xi\Bi. Any collection of pairwisc dichotomous boxes is called 
a suit. A suit is proper if consists of proper boxes. A non-empty set F Q X is 
said to be a polybox if there is a suit ^ for F, that is, IJ ^ = F. 

Since polyboxes are defined by means of partitions into boxes, it is not sur- 
prising that characteristics of polyboxes will be expressed in terms of partitions 
as well. Therefore, such characteristics should be invariant on the choice of a 
partition. In Section^ we define the class of additive functions on hox{X). All 
characteristics of polyboxes that appear in the paper are defined with the use 
of additive functions. Theorem 1121 plavs in this respect a crucial role. 

An interesting class of invariants is described in Sections^ and [S] 

In SectionElwe discuss important numerical characteristics of a polybox, the 
indices. 

In the following section we show, among other things, that certain mild 
assumptions on the symmetry of a polybox imply that all indices of the polybox 
are even numbers. 

In Section |S1 we give a sufficient condition which guarantees a polybox to 
be rigid in the sens that it has a unique proper suit fTheorem l32|) . This result 
appears again in a greater generality, applicable to the already mentioned case 
of the rigidity of cube tilings, in Section EH (^Theorems 1441 and I45|l . 

One of the basic questions is whether two given suits define the same polybox. 
We address this question in several places. An important procedure, which 
enables us to answer it, is described in Section |ni(RemarkP). This procedure 
is based on a certain decomposition of the free Z-module generated by boxes 
(Theorem OHl)- 

The results of the paper are summarized in an abstract setting of words in 
Sectional There is also defined and investigated an interesting cover relation. 

2 Minimal partitions 

Let be a subset of a d-dimensional box X. A partition of F into proper 
boxes is minimal if it is of minimal cardinality among all such partitions. It is 
observed in jGKPj that if F ~ X , then the minimal partitions of F coincide 
with the proper suits for F. This result extends to polyboxes: 

Theorem 1 If F is a polybox in a d-dimensional box X and .'P C box(Ar) is a 
partition of F, then ^ is minimal if and only if ^ is a suit. 
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The proof is a refinement of an argument given in |AfjHK| , and is much the 
same as in |GKP| . however, we added to it a geometric flavour. 

Before going into the proof, we coUect several indispensable definitions and 
lemmas. 

Let ff{Xi) be the family of all sets of odd size which are contained in Xi. 
Let i? be a subset of X. We define B to be the subset of &{Xi) x • ■ • x &{Xd) 
that consists of all d-tuples {Ai, . . . , Ad) for which the set B n {Ai x • • • x Ad) 
is of odd size. 

Suppose that B is a box. Let i^Bi be the set of all sets of odd size that are 
contained in Xi such that their intersections with Bi are of odd size as well. 
One can easily observe that B — ^Bi x ■ ■ ■ x ffBd- In particular, S is a box. 
Moreover, since 

for each i G [d], we obtain 

|S| = 2l^li-2rf^ (2) 
where \X\i is defined by the equation \X\i — \Xi\ + ■ • ■ + \Xd\. 
Lemma 2 The following conditions are equivalent: 

(i) boxes B,C' €z Box(X) are dichotomous, 

(ii) B and C are dichotomous, 

(iii) B and C are disjoint. 

Proof. The equivalence '(i)<^(ii)' is deduced easily from the observation that 
Xi\Bi = Ci if and only if ff{Xi) \ ffB.^ = ^d. Concerning '(ii)<^(iii)', only 
the implication '(ii)<^(iii)' is non-trivial. Thus, if B and C are disjoint, then 
there is an z S [d] such that ^Bi and ^Ci are disjoint. By each of these 
sets contains half of the elements of ^{Xi). Therefore, they are complementary. 
Consequently, B and C are dichotomous. □ 

The next lemma is rather obvious. 
Lemma 3 If B and C are subsets of X , then 

ifec ^bqc, 

where denotes the symmetric difference. 

Proof of the theorem. Let us enumerate all elements of that is, ^ = 
{B^, B™}. Let ^= {B^,. . . , S"}. By the preceding lemma, we have 

F = SI e • • • es". 

This equality implies 

where the equality holds if and only if the elements of ^ are mutually disjoint. 
If we divide the above inequality by 2^^^^^^'^, then, by 121, we obtain 

\F\ 

^ik^d < ™' (3) 
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which means that the size of any partition of F into proper boxes is bounded 
from below by the left side of the above inequality. Moreover, this bound is 
tight and, according to Lemma[21 is attained if and only if ^ is a suit. □ 

Observe that, as a by-product, we have shown that the minimal partitions 
of a polybox F have their size equal to the number standing on the left side of 
0. This suggests the following definition: Let G C X. The number IGjo, given 
by the formula 

|G|o = |G|2l-^li-2d ^ 

\X\ 

is called the box number of G. 

By much the same method as applied above, one can obtain the following 
characterization of polyboxes. 

Theorem 4 Let G be a non-empty subset of a d-box X := Xi x ■ ■ ■ x Xd- The 
size of a minimal partition of G into proper boxes is at least \G\o. Moreover, G 
is a polybox if and only if there is a partition of G into proper boxes of size \G\o. 

By the definition of the box number, 

|G|o < \X\o - 2f (5) 

Moreover, equality occurs if and only ii G = X. Indeed, for x ^ X, let us 
define x — {{xi}, . . . , {xd}) G X. It is easily seen that x E X \ G ii and only if 
X £ X \ G. Thus, we have 

Theorem 5 Let F be a polybox contained in a d-box X . If there is a proper 
suit for F of size 2'^, then F = X. 

The following interesting question arises: 

Question. Suppose that F and G are polyboxes contained in a c?-box X. Is it 
true that if C G, then |F|o < |G|o? 

Proposition 6 If F and G are disjoint polyboxes in X and there are proper 
suits ^ for F , and for G such that ^ U is a suit for F UG, then the same 
holds true for every pair of proper suits for F and G. 

Proof. Let ^* and be proper suits for F and G, respectively. By Theorem^ 
proper suits for the same polybox are of the same size. Consequently, 

1^* U^*| = 1^*1 + 1^*1 = 1^1 + 1^1 = |^U^|. 

Again by Theorem ^ the fact that ^ is a suit, and the preceding equality, 
we conclude that the partition JF* U ^* is a suit. □ 
If sets F and G are as described in Proposition|Sl then we call them strongly 
disjoint. 
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3 Additive functions 

Let a box A — Ai x ■ ■ ■ x Ad and a set / C [d] be given. Let ii, . . . ,ik be the 
elements of / written in increasing order. We define Aj :— Ai^ x • • ■ x A.;^ . We 
have the natural projection a ai from A onto Ai, where if a = (ai, . . . , a^), 
then a/ = (a^j, . . . ,ai^.)- If -B C A, then we put Bj = {hi : 6 S B}, and if 
^ C 2^^, then ^/ = {Bi : B G ^}. To simplify our notation, we shall write i' 
rather than [d\ \ {z}. 

We say that two boxes A and B contained in a d-box X form a twin pair if 
A,, = and A, = Xi\B,. 

If p(a;) is a sententional function, then, as proposed by Iverson, [p(a)] = 1, 
if p{a) is true for x = and [p(a)] — 0, if p(a) is false for x — a. 

Let us extend the notation introduced in Section [21 letting 0'{X) C Box(X) 
be the family of all boxes of odd size contained in Box(X). 

Let X be a d-box and let M be a module over a commutative ring R. A 
function /: box(X) M is additive if for any two twin pairs A, B and C, D, 
the equation AiJ B — C iJ D implies 

J{A) + f{B) = f{C) + f{D). 

The module of all A/- valued additive functions is denoted A.{X, M) . 

In this paper we shall be concerned with real valued additive functions. 
For each B e ff{X), let us define Tys : 2^ ^ M by 

7^b{A) = [|ylnB| EE 1 mod 2]. 

It is clear that the restriction of rjB to box(X) is additive. 

Now, let us confine ourselves to the case d = 1, that is, we shall assume 
that X is simply a finite set that contains at least two elements. Then box(X) 
coincides with 2^ \ {X, 0}. 

For each C G box(X), let ipc ■ hox{X) M be defined by 

ipc{A)^ [A^Cl - IA^X\C1. (6) 

Moreover, let (px ■ box(X) ^ M be the constant function equal to 1. It is clear 
that the functions (pc, C G Box{X), are additive. It is also clear that (pc -L fo, 
whenever C <^ {D,X \ D}, where the orthogonality is related to the scalar 
product defined by 

(/,.g)= Yl fiC)g{C). (7) 

Cehox(X) 

Let us note for future reference that 

fx\c = -fc, (8) 

whenever C G hox{X). 

Straightforward calculations lead to the following 

Lemma 7 Let X be a one dimensional box. Let A and C be elements of hox{X). 
Then 

VB{C)riBiA) = 2l^l-2 IA = C1+ 2l^l-3 [{A, X\A}^{C,X\ C}] . 
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This lemma implies that for each C G Box{X), 

^^^2-1^1+2 iVB{C)-VB{X\C))vB. (9) 

B£ff(X) 

(Let us emphasize that the functions rjB are restricted here to box(X).) 

Lemma 8 Let X be a one dimensional box. Let ^ C Box(X) be defined so that 
for every A G Box(X), it contains exactly one of the two elements A and X\A. 
Then the set H :— {ipc ' C £ is an orthogonal basis o/ A(X, R). 

Proof. Since we have already learned that the elements of H are mutually or- 
thogonal, it remains to show that each g G A(X, R) is a linear combination of 
them. As we know from the definition of an additive mapping, there is a number 
s such that s = g{A) + g{X \ A) for every A G box(X). Let 

h^l{sipx+ {9{C)-g{X\C))vc)- 

ce.®\{x} 

Fix any A G box(X). If A G then we get 

KA) = ^ + ^i^)-9iX\A) ^ 

E A^^, then by we get 

,,,, s + {g{X\A)-g{A))^x\A{A) 

Thus, g coincides with h and consequently <? is a linear combination of elements 
of i?. □ 

Lemma 9 Let X be a one dimensional box. Then the set K := {rjB ■ box(X) —^ 
R: B e ^(X)} IS a basis of A{X,R). 

Proof. Let ^ and H be as defined in Lemma [S] Observe that 

\H\ = \K\ = 21-^1-1. 

To complete the proof, it suffices to notice that according to @, each element 
of is a linear combination of elements of K. □ 

Now, we go back to the general case. Let {^^^^ A(Xi, R) be the tensor 
product of the spaces A(Xi,R), where Xi, i G [d], are the direct factors of X. 
We can and we do identify 0^^^ A(Xi, R) with the subspace of R''™^'^^ spanned 
by the functions /i (8) ■ • ■ (8 /d defined by 

fi®---<E>fd{C)^fi{Ci)---fd{Cd), 

where /, G A(X,,R). 



Theorem 10 Let X be a d-box. Then A{X,R) = {g)f^^ A(Xj,R). 
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Proof. Let / e A(X,M). Fix G G box(Xrf). Let /g : hox{Xd') ^ M be defined 
by /g(C/) = /(C/ X G). Clearly, fa e A{Xd',R). Let gi,...,gm be any basis 
of A(Xt;',R). We can write fa as a linear combination of the elements of this 
basis 

m 

/g = 5]«,(G).9.. (10) 

Let G box(Xc;). Since / is additive, for each U, we have 

foiU) + fxMU) - fH{U) + fxAHiU). 
Consequently, the mapping ai : hox{Xd) ^ M is additive for each i G [m]. As 

/([/ X G) = ^ a,{G)g,{U) = ^ ® a,(i7 x G), 

we obtain / G A(X<j',M) (g) A(Xd,M). Therefore, A(X,M) C A{Xd',M.) (g) 
A(Xci,R). The opposite inclusion is obvious. Our result follows now by induc- 
tion with respect to the dimension d. □ 

Let us observe that if X is a d-box, then for each B G ^{X), we have 

■HB = TlB^® ■ ■ ■ ®llBi, (11) 

where we interpret t^b as defined on box(X). By Lemma IHl and the preceding 
theorem, we obtain immediately 

Theorem 11 Let X be a d-box. Then the set K {i]b ■ B G (?{X)} is a basis 
o/A(X,E). 

Let / G A(X, K). It follows from our theorem that there are real numbers 

aB, B e ff{X), such that 

B^ff{X) 

Since each rys is naturally defined on 2^, the above equation determines the 
extension / of / to 2"^ \ {0}, and the extension / of / to the family of all 
polyboxes. 

Let us observe that by Lemmas El and |21 for every polybox F C X and every 
proper suit for F, we have 

which implies 

m = E /(^)- (12) 

In particular, we have the following basic results. 

Theorem 12 Given a polybox F contained in a d-box X . For any two proper 
suits and 'S for F , and any f G A(X, R), 

f{A) = /(^)- (13) 

AGJ? AGS? 
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Theorem 13 If Fi, . . . , F„i are pairwise strongly disjoint polyboxes in a d-box 
X, then 

f{F, U • • • U F„) = /(Fi) + • • • + fiF^). 

Theorem 14 Let X be a d-box. Let Ap{X,M.) be the space of all real-valued 
functions g defined on the family of all polyboxes contained in X such that for 
any polybox F , and any proper suit ^ for F 

g{F) = f (^)- 

Then the mapping A(X, M) 3 / i— > / G Ap(X, M) is a linear isomorphism. 

Let us note for completeness that we have a similar theorem for the other 
extension. 

Theorem 15 Let X be a d-box. Let A5(X, R) be the space of all functions 
g ■.2^\ {0} R such that for any F and G e 2^ \ {0}, if F and G are disjoint, 
then 

g{FUG)=g{F)+g{G). 
The mapping A(X, M) 9 / ^ / G A5(X, M) is a linear isomorphism. 

In order to formulate an analogue of Lemma |H1 for arbitrary dimensions, we 
have to introduce some extra terminology. 

For a box C e Box(X) and e e , let = Cf' x ■ ■ ■ x C^/ be defined by 

^ ( if e.j 0, 

^ " 1 ife. = 1, 

where i € [d]. If C is a proper box, then is a proper box. If C is not proper, 
then it can happen is empty. Now, let ipc — ^PCi ^ • • • (X" tpcd ■ Similarly as 
in the case d = 1, for any C and D G Box(X), we have (pc -L <^d, whenever 
C ^ {D^ : e e li}. 

For e g Z2, let |e| = \{i : £i — 1}|. The d-dimensional counterpart of © 
reads as follows: If C G Box(X) and is non-empty, then 

ifc = [-it^Vc- (14) 

Theorem 16 Let X be a d-box. Let IJS C Box(X) be defined so that for every 
A G Box(X), ^ contains exactly one element of the set {A'^ : e G Z!?}. Then 
the set H :— {ipc '■ C G ^} is an orthogonal basis 0/ A(X, R). 

Proof. For each i G [d], let us fix C Box{Xi) so that for X = Xi and SS = 
the assumptions of Lemma |H1 are satisfied. Then, by Theorem 1101 

G {(^ci «> • • • ® ^c, : Ci G i^i, . . . , Cd G ^d} 

is a basis of A(X, R). On the other hand, one observes that by H14|l and the 
definitions of H and G we have ^pc G G if and only if exactly one of the two 
elements — (jCc ipc belongs to R. Thus, is a basis. The orthogonality of H 
is clear. □ 
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Equation (|5J) expresses ^pc in terms of functions ?/b in dimension one. We 
apply it to obtain an analogous result which is valid in arbitrary dimensions. 
As before, let X be a d-box and C S Box(X). By lO, Hll|l and the definition 
of \X\\ we have 

= aH^U+^-i (ri(^B.(Cfc)-r7B.(X\Cfe))UB 

Hence 

Be(f{X)eGZ^ 

For further use, we introduce a class of bases of A{X, R) containing the bases 
described in Theorem 1 161 

For each i, let Xi £ A(Xi,M) be the characteristic function of a non-empty 
subfamily C box(A'i). Observe that if = hox{Xi), then Xi — ^ ~ fXt, 
and that Xi 7^ 1 is equivalent to saying that, as in Lemma |H1 for each A G 
box(Xi), exactly one of the two elements A, Xi \ A belongs to Now, for 
every D G Box(X), let td = td^ (8) ■ ■ • (8 tdj, where td^ — Xi: if Di — Xi, and 
T]j. = ip£)., otherwise. Clearly, we have 

Proposition 17 Let SS C Box(X) he defined so that for every D e Box(X), 
has only one element in common with {D^ : e € Zg}. Then the set L := 
{td ■■ D e IS a basis of A{X,R). 

4 Dyadic labellings 

Let AT be a d-box and let i? be a non-empty set. A mapping A: box(Ar) E 
is said to be a dyadic labelling if it is 'onto', and for every A, B, C and D 
belonging to box(Ar), if A, B and C, D are twin pairs, and AiJ B = C U D, 
then {A(A),A(B)} = {A(C), A(i:>)}. 

Proposition 18 Let X be a d-box, and E be a set. If X: box(X) E is a 
dyadic labelling, then for each polybox F Q X and every two proper suits , 'S 
for F, the following equation is satisfied 

{X{A): Ae.^}^ {X{A): Ag^}. 

Proof. For each e ^ E, let us define fe ■ box(Ar) ^ R as follows 

fM) = [e = XiA)]. 

It is straightforward from the definition of dyadic labellings that fe is additive. 
Therefore, by Theorem 1 121 

E fM) = E 



which readily implies our thesis. 
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Proposition 19 Let X he a d-box, and A, B e hox{X). If X : hox{X) E 
is a dyadic labelling, then there is D € such that X{D) = X{B) and for each 

i £ [d], Di — Bi, whenever Bi G {Ai.Xi \ Ai] . 

Proof. Let X{B) = e. Define a sequence = B,B^,...,B'^ by induction: 
Suppose that is already defined and X{B'^) = e. If Bk^i e {Ah+i,Xk+i \ 
Ak+i}, then set B'^+i = B''. If it is not the case, then choose three proper 
boxes R, and S"^ so that the following equations are satisfied 

^{k+iy = ^{k+iy = ^Ik+iy^ J = 1, 2, 

-Rfc+i = ^fe+i \ -Bfe+ii = Ak+i, S^+i = Xk+i \ Ak+i. 

(Therefore, B'', R and S'^, S"^ are twin pairs such that B'' U R = \J S"^. By 
the definition of dyadic labellings e e {X{S^), X{S'^)}.) Set 

_( if X{S') = e, 
~ \ 52 if X{S^) ^ e. 

It is clear by the construction that D = B'^ has the desired properties. □ 

In the sequel, we shall identify each box A G box(X) with its coordinates 
{Ai,A2, . . . , A4). Consequently, box(X) is identified with HiLi box(Xi), and as 
such can be considered as a d-box. Thus, it makes sense to define box^(X) := 
box(box(X)). A box ^ e box^(X) is equicomplementary if for every A € 
box(X) the intersection ^ n '^^a consists of exactly one element. Equivalently, 
one can say that for each i e [d] and each C S hox{Xi) exactly one of the two 
sets C,X^\C belongs to It is clear that = (1/2'')| box(X)|. Now, let ^ 
be a partition of the d-box box(X) that consists of equicomplementary boxes. 

has exactly 2'' elements, which means that this partition is minimal. For 
each A e box(X), there is a unique element Ajs-(A) G ^ such that A s Ajs-(A). 
Thus, we have defined the mapping X^ : box(X) — > 

Proposition 20 The mapping Ajr is a dyadic labelling. 

Proof. Suppose that A, B £ box(X) are dichotomous. Hence there is i £ 
[d] for which Ai = Xi\Bi. Since A^ € X^{A)i, the equicomplementarity of 
A^(A) implies that Bi ^ A,^(A)j. Therefore, B ^ X^{A), which in turn implies 
X,^{A) ^ X^{B). In particular, the mapping Z2 9 e 1— > Ajs-(A^) is one-to-one, 
and as \^\ — 2'', our mapping X^ has to be onto. 

Suppose now that A, B ^ and C, D & ^ are two twin pairs such that 
AU B = C U D. There is an index i G[d\ such that 

Ai' = Bii = Ci' = Dii . 

Thus, for j G i' , we have Cj <E X^{A)j and Dj e X^{A)j. From the two 
elements d and, Di = Xi\Ci one belongs to X^{A)i. As a result, C € X^{A) 
or D £ A^(A). Consequently, 

X,^{A) e {X^{C),X^{D)}. 

Since A and B, and C and D play the same role, we may deduce that 

{X^{A),X^{B)} = {X^{C),X^{D)}. 

□ 
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Theorem 21 Let X be a d-hox and let E he a set that consists of 2"^ elements. A 
mapping A: box(X) E is a dyadic labelling if and only if there is a proper suit 
^ for hox{X), composed of equicomplementary boxes, and a bisection g: ^ ^ E 
such that 

\ = g o 

Proof. The proof of the impUcation '<^' is a consequence of Proposition 1201 In 
order to show that the imphcation '=^' is true, it suffices to prove that A^^(e) 
is an equicomplementary box for each e G E. 

By ProDOsition ll9l for each A, B E hox{X), we have \{B) £ X{'^S'a). Since A 
is 'onto', |A('^a)| = 2*^ = \'-^a\- Consequently, the set A^^(e) Ci't^A is a singleton. 

Let G, H G A~^(e). Suppose that L G hox{X) and Li e {Gi,Hi} for each 
i e [d]. Let I = {i : Gi ^ Li}. By Proposition 1191 applied to A — L and 
B = G, there is a K € 'j^l such that \{K) — e and Kj = Lj. Similarly, for 
J = {i : Hi — Li} [d] \ /, we can show that there is M G '^<ol such that 
A(M) — e and AIj = Lj. Since by the previous part A is 'one-to-one' on "^^^ 
and / U J = [d], we have K — M = L. Therefore L G A^^(e), which implies that 
A~^(e) is a box. The equicomplementarity of A^^(e) is again a consequence of 
the previous part of the proof. □ 



5 Binary codes 

As before, let X denote a d-box. Suppose that for each i G [d] we have chosen 
a mapping (3i : 2"^* \ {0, X^} ^ Z2 such that for each Ai, 

(3M^)+P^{X^\A,)^1. (16) 

The mapping /3 : box(X) — > Z2 defined by 

p{A) = {(3^{A,),...,Pd{Ad)) 

is said to be a binary code of box(X). 

Clearly, each binary code is a dyadic labelling. By Proposition^! if ^ is a 
proper suit for a polybox F C X, then the set of code words 

P(^) := {13(A) -.Ae^} 

depends only on F, not on the particular choice of a suit. It yields the following 
interesting consequence: 

For e G Zf, let, as before, \e\ = \{i : Si ~ 1}|. The number \(3\k{F) := 
\{Ae^ : \PiA)\ = k}\ depends only on F. In particular, \l3\k{X) = 

There are natural examples of binary codes. Assume that a d-box X is of odd 
cardinality. For each A G box(Ar), let us set 

PUA) = (|Ai|(mod2),...,|^<j|(mod2)). 

We call /3co the even-odd pattern. In the case of the even-odd pattern |/3|fe(F) 
counts the number of boxes belonging to any suit for F that have exactly k 
factors which are the sets of odd cardinality. 
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Similarly, we can define the binary code called the more-less pattern 

P^,{A)^{[\A,\>\X,\/2],...,[\A,\>\X,\/2]). 

Here counts the number of boxes belonging to any suit ^ for F that 

have exactly k factors which are the sets having more than a half of elements 
of the corresponding factors of X. 

6 Indices 

Let a d-box X, a suit ^ C box(X), a set C X and a box C C X he given. 
We define two kinds of indices: the index of ^ relative to C 

Ind(^,C) = ^c{A), 

and the index of F relative to C 

ind {F,C)^ipc{F). 

Clearly, if is a polybox and ^ is a suit for F, then (pc{F) = (pc{F) and by 
()12|l both indices are equal. 
Let us set 

= ^fc := -.ee Z^} \ {0}. 

Obviously, is a suit for X. We call it simple. Observe that is proper if and 
only if C is a proper box. We say that elements A and i? of carry the same 
sign if (— l)'^' — 1 for the only e such that A"^ — B. If C ^ X, then carrying 
the same sign is an equivalence relation with two classes of abstraction. Any 
assignment to one of these classes +1 and to the other —1 is called an orientation 
of Let ^+ be the class to which +1 is assigned and 't^~ be the class to which 
— 1 is assigned. Suppose now that the orientation of ^ is induced by C, that is, 
C Let 

I = i{C) [d] -.a^X,}. 

Let C) be the number of all those A e ^ that Aj e ('^^)/ and ac- 

cordingly, n~(^,C) be the number of all those A € ^ that Aj £ ('^^)/. 
Immediately from the definition of the indices we obtain 

Proposition 22 Let X be a d-box and let ^ be a proper suit for a polybox F . 
For any C S Box(X), if C ^X, then 

ind (F, C) = Ind (jF, C) = C) - C). (17) 

Moreover, 

ind(F,X) - 1^1 = |F|o. 

In the case of C £ box(X) the meaning of (|17|l is particularly simple, it 
counts the sum of all signs that come from those elements of '£ that belong to 
the suit ^ for F . In particular, this sum is independent of the choice of a suit 
for F. 
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Corollary 23 For each proper suit ,^ for a d-hox X and each C G Box(X), 
if C ^ X , then Ind C) = 0. In particular, if C is a proper box then the size 
of n '^c is even. 

Lemma 24 If F and G are two polyboxes in a d-hox X , and {C,i : i & [21^1^'*]} is 
a basis of A{X,R), then F ^ G if and only ifCi{F) = Q{G) for eachie pl-^l"'*]. 

Proof. Let X :~ (xi, . . . , Xd) be an arbitrary element of X , and let x — {xi} x 
••• X {xd}. Then x £ ff{X) and 77^ e A(X, M). Obviously, we have [x € 
F] = ilx{F). Since Q, i G [2l'^l^'^], is a basis, there are reals ai{x) such that 
Tlx = Y^tCXi{x)(i. Thus, 

[xeF]=Y,^^i^)C^iF)■ 

i 

Our result follows now immediately, as the same equation holds true for G. □ 

Theorem 25 // F and G are two polyboxes in a d-box X , then F = G if and 
only if ind {F, G) = ind (G, C) for each C G Box(X). 

Proof. Let ^ C Box(X) be as in Theorem^l Recall the functions ipc, C G 
form an (orthogonal) basis of A(X, M), and for each G G Box(X), 

ind {F,G)^^c{F). 

Therefore, our theorem is a consequence of the preceding lemma. □ 

7 Symmetric polyboxes 

Let X and Y be d-boxes. Suppose that for each i G [d] one has given a mapping 
ipi : box(Xi) box(yi) such that 

if,{X,\A) = Y,\^,{A), 

whenever A G box(Xj). Then one can define the mapping $ := (^1 x • • • x 
from box(X) into box(F): 

- (^i(Bi) X ••• X Vd{Bd). 

It is clear that <i> sends dichotomous boxes into dichotomous boxes. Moreover, if 
A, B and C, D are two twin pairs in box(X) such that A\JB = GUD, then 

and $(C), ^{D) are two twin pairs as weU, and U = $(C) U 

^{D). Further we shall refer to $ as a mapping that preserves dichotomies. 

Proposition 26 Given two d-boxes X, Y and a mapping <i>: box(X) box(F), 
that preserves dichotomies. If ^ , ^ C box(X) are proper suits and IJ ^ = IJ 
then their images are also proper suits and IJ <i>(j?) — IJ <i>(^^). 

Proof. The proof is much the same as that of Proposition^] For each y € Y, 
let us define e^: box(X) ^ M by the formula ey{A) = [y G $(^)]. Since $ 
preserves dichotomies, Cy is additive. By Theorem 1121 
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Hence IJ $(^) = IJ $(^). □ 

By the above proposition, we can extend $ to polyboxes. Namely, if _F is a 
polybox in X and ^ is a suit for F, then we may define ^(F) by the equation 

= (J$(^). 

In particular, if e e Zj, then the polybox F^^^ C X given by 

F(-) = \J A- 

is well-defined. Observe that if F is an improper box, then F^'^'' does not have 
to coincide with already defined F^, as the latter set is empty if there is an 
i G [d] such that Ft ~ Xi and = 1, while F^'^'^ is non-empty. 

Proposition 27 Given two d-boxes X, Y and a mapping $: box(X) box(y) 
that preserves dichotomies. Then for every polybox F C_ X and e G 

= (18) 

Proof. It suffices to observe that (|18|) is satisfied when F is a proper box. □ 

Lemma 28 Let U be an n-box, /: C/ — > Z2 and V — {u e U : f{u) — 1}. If for 
every x £ U and every i G [n] 

J2f{u)[u,, ^x,,]^0, (19) 
ueu 

and V ^ %, then \V\ > 2". Moreover, for every v £V there is some y G V such 
that / T/i, i = 1, . . . , n. 

Proof. Let us fix u e y, and define 7: V {0,1}" by the formula 

7(w)i = [ui ^ Vi]. 

It suffices to show that 7 is 'onto'. Suppose that it is not. Then there is an 
element r with minimal support among the members of {0, 1}" \ "/(V). Let us 
choose an index i such that = 1 (such i has to exist as 'j{v) = 0). Let r' be 
defined so that t^' = and t^, = Ti> . Since r' has its support strictly contained in 
that of r, it belongs to 'j{V). Therefore, there is an x e ^ such that t' = 7(2;). 
By H19|l . there has to exist u £ V \ {x} for which Uii — Xii. By the definition of 
7, and that of t', we conclude that "f{u) = t, which is a contradiction. □ 

Theorem 29 Let F be a polybox in a d-box X and let ^ C Box(X) intersect 
with each '^c, C £ Box(X), at exactly one element. Let I C [d] he a set of size 
n > 2, and 

S^{C £^: i{C) = /, ind (F, C) = 1 mod 2}. 
Suppose that for each B £ 

ind (F, B) = mod 2, 

whenever i{B) C / and \i{B)\ ~ n—l. Then S" is empty or \<S'\ > 2". Moreover, 
if S is non-empty, then n < d and for every C £ S there is a D £ S such that 
Di ^ {Ci,Xi \ Ci} for each i £ I. 
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Proof. For each i e [d\ let us pick C Box{Xi) so that {A, Xi\A}n SS^ is a 
singleton for each A G Box(Xi). It is clear that it suffices to proceed with 
defined as follows 

^ = {B e Box(X) : B, e SS^ for each i G [d]}, 

as for every i? and C G Box(X) if i? G '^c, then 

^Pb = mod 2. 

(Observe that ^ can be thought of as an equicomplementary box, which was 
defined in Section^) Let us order the elements of J: zi < ... < i„. Let 
3§° = {C & SS : i{C) = 1} and U = {{C,,, . . . , C,J : C G ^°}. Define 
/ : [/ — > Z2 by the formula 

/(Q,,...,C,J =ind (F,C)(mod2), 

where C G Let V = {{d^, . . . ,CiJ : C G }. 

It is clear that / just defined satisfies the assumptions of Lemma EHl if and 
only if the following claim holds true 

Claim For every C G and i G / 

L:= ind (F, D)[D,, = d^] = mod 2. (20) 

To prove it, let us define B ^ S§ so that Bi = Xi and Bii = Ci'. For 
D G Box(X), let be defined by the following equivalence 

A G ^ G box(X) and there is a i? G such that E^^jj^ — ^i(D) ■ 

Let ^ be a proper suit for F. It follows from Proposition 1221 that 

md{F,D) = n SidI mod 2. 

Moreover, since the sets D G are pairwise disjoint and 

[j{!^D : D G A' =C,,} = 

we get 

L= ^ l^n ^d|[A' = Ci'] = l^n ^sl = ind(i^,B) mod 2. 

Dess° 

But the latter number is even by the assumption. 

Now, from Lemma |2H1 we conclude that S' is either empty or has at least 
2" elements. If it could happen that S is non-empty while n = d, then, again 
by Lemma I2H1 for any C? G there would exist another box H € S" such that 
Gi / Hi for each z G [d] . This fact and the definition of would imply that 
'i^G and 'i^H would intersect which would be impossible as if A G and 
B G 'r^H, then A and B are not dichotomous. □ 



16 



POLYBOXES 



Theorem 30 Let F be a polybox in a d-hox X and let e G Z2 he different from 
0. IfF^^^ = F, then ind {F, B) = mod 2 for every box B e Box(X) \ {X}. If 
in addition the number n := i{B) n suppe is odd, then ind [F, B) = 0. 

Proof. First we prove the second part of the theorem. 

Let ^ be a proper suit for F. Since F^^^ = F, we obtain 

ind(F,S)= ^b{A)^ ^b{A')- 
It follows from the definitions oi (fB and n that 

Therefore, ind (F, B) = —ind (F, B) and consequently ind {F, B) ~ 0. 

To prove the first part, we begin with showing that ind _B) = mod 2 for 
any box B for which i{B) is a proper subset of [d]. To this end, let us fix i ^ i{B), 
and define a d-box Y by the equations Fi' = Xi' , Yt = {0, 1}. Now, choose 
as in the proof of the preceding theorem and define $: box(X) box(F) so 
that if S = <i>(A), then B^/ = A^/ and 

^ ^ r {0} if A, 
' \ {1} otherwise. 

Clearly, $ preserves dichotomies. Let C — ^{B). As is seen from the definition 
of for each A G box(X), one has (Pb{A) = (^c(^'(A)). Therefore, if G = *(F), 
then 

ind (F, B) = ind (G,C). (21) 

Let Go — {y E G : yi — 0} and Gi = {y G G : j/i = 1}. These two sets are 
polyboxes. By Proposition 12 71 and the fact that F*^*^) = F, we obtain G^^) = G. 
If £i = 0, then 

G['^ = G^, for k = 0,1. (22) 

If we ignore the z-th coordinate, which is constant for elements of both polyboxes 
Gft, then we can think of them as polyboxes in a {d— l)-box. Thus, by induction 
and (|22|l . we can maintain that ind (Gk,C) = mod 2. Consequently, this, 
together with H21() . yields 

ind (F, B) = ind (G,G) = ind (Go, G) + ind (Gi,G) = mod 2. (23) 

If = 1, then G^^) = G implies G^,"' = Gi and G^"^ = Gq. Hence 

ind(Go,G) = ind(Gi,G) mod 2 

and H23|l holds true also in this case. 

The fact that ind (F, B) = mod 2 when i(B) — [d] follows from what has 
been proved before and Theorem [521 □ 

8 Rigidity 

Lemma 31 Let ^ C Box(X) \ {X} be a suit for a d-box X and let C € ^ be 
chosen so that 

k \i{C)\ = max{|i(D)| : D G JT}. 
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For each D g ^c, let e{D) e be defined by the equation D = C'^^^ Then 

y: (-1)1^(^)1=0. 

Proof. Observe first that for any D G Box(X), md {D,C) = if and only if 
i{D) 2 i{C). li D e ^ and i{D) 2 i{C), then by the definition of k, D £ ^c- 
In this case, by Proposition El ind (£>, C) = (-1)1^(^)12''-'=. Since C ^ X,it 
follows from Proposition[53that ind {X, C) = 0. Consequently, by Theorem 1 131 
we obtain 

= ^ ind (i?, C) - 2'^-''^ J2 (-l)l"''')l. 

□ 

Theorem 32 (rigidity) Let F be a polybox in a d-box X, and be a suit for 
F . Suppose that 

|ind(i^,c)| = l^^rr^cl, 

for each C G box(X). Then ^ is the only suit for F . 

Let X be a one dimensional box. Let ^{X) C box^(X) be the family of all 
equicomplementary boxes. For every A G box(X), we define SA as the set of 
all these equicomplementary boxes B G <S{X) that A £ B. 

Lemma 33 If X is a one dimensional box, A^,...,A" belong to box(X) and 
A' ^ {A3,X \ A^} for every i ^ j, then 

\S'A^ n---r\S'A"\ = ^\S'{x)\. 

Proof. Let = {{j4,X \A}:A£ box(X)}. In order to form an equicomple- 
mentary box we pick independently one element from each set belonging to £/. 
Let xi, . . . a;„ be different elements of If for each i G [n] we fix one element of 
Xi, then the number of equicomplementary boxes which can be formed so that 
they contain these fixed elements is 5^|<o'(X)|. Clearly, by our assumptions, the 
elements Xi — {A^,X \ A^}, i G [n], are different. □ 

If X is a d-box and A G Box(X), then we define A = S'Ai x • • • x S'Ad. 

Lemma 34 Let X be a d-box and let B, C, D e box(X) be such that C D, 
and B, D are not dichotomous. Then 

BnC ^ BnD. 

Proof If it were true that B nC = B n D, then 

\Br]CnD\ = \BnD\. 



Therefore, 



d 

YllSB^nsCinSD,] 

i=l 



d 

= Y[\SB,nSD,\, 

i=l 
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As B and D arc not dichotomous, the latter product is different from zero. 
Thus, for each i, 

\SBi n sc^ n <SDi\ = \SBi n SDi\, 

Now, it follows from the preceding lemma that SCi = SDi, for each i, which 
readily implies C = D. □ 

Proof of Theorem \3'A The mapping $: box(X) — > box(X) given by = 
A preserves dichotomies. Suppose that there are two different suits ^ and 
for F. Then there is a i? S \ Moreover, since by Proposition [SHI 
U$(^) = y^"!-^): we deduce that B C U*!-^)- The set B is a d-box and 
= {Br\A: A e ^}\{0} is a (possibly improper) suit for B. Clearly, B (^J^e. 
By Lemma mi there is a C € ^ such that 

^ (-1)^^)1=0, (24) 

where we interpret as a subfamily of Box(_B). In accordance with this 
interpretation, for every e G Z2 and each i G [d], 

.^ex _ / C•^ if e» = 0, 

^^-\ ife.^1. 

Let [/ G =^ be chosen so that C ^ B DU. Observe that 

D ^ c"^(^) ^Bn{UY'-°\ 

for each D G '^c H As $ preserves dichotomies, by Proposition 1271 we 
get D = i? n $(C/'^(^)). Since D e .J^/^, there is a if G ^ for which one has 
D ^ BDK. From Lemma El it follows that K = t/^f-"'. Hence {U"^^^ : D G 
"^cH^} C Consequently, by (|24|l and the definition of the index, we deduce 
that 

|ind(F,C/)| = |Ind(^,C/)| < |<^c/ n^|. 

□ 



9 Modules 

Given a non-empty set Y. We denote by liY the free Z-module generated by Y. 
Every function / G M^' extends uniquely to the Z-linear function /t : ZY M. 
Let now X be a d-box. Let E,F € box(X) and G,H G box(X) be any two 
twin pairs such that EU F = GU H. If / G A(X, R), then by the definition of 
additive mappings one has f^E + F-G-H) = 0. Let n{X) be the submodule 
of Zbox(A") generated by the elements E + F — G — H , where E, F and G, H 
are as described above. Clearly, for each / G A(A', R), n{X) is contained in 
the set of zeros of We show that n{X) is the set of common zeros of the 
functions /t, / G A(A:, M): 

Proposition 35 For every x G Zbox(X) \ n(X) there is an f G A(A, M) such 
that /t(x) 7^ 0. 
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Proof. Suppose it is not true. Then one could find the smaUest integer d for 
which there are a d-box X, an element x G Zbox(X) \ n{X) which is a common 
zero of the functions f\ f ^ A(X, R). Fix a one dimensional equicomplemen- 
tary box C box(Xd) and D ^ SS. The element x can be expressed as follows 

x^ ^ kEE^ ^ kpF, 

E: EaG^g F : F^i^ 

where E,F ^ hox{X) and ks, kp are integers. Observe that for each F one has 

F = Fd,xD + Fd'X {Xd \ D) - Fd, x {Xd \ Fa) mod n, 

where n = n[X). If we now replace each F by the expression on the right, then 
the formula for x can be rewritten as follows 

x= ^ IeE+ maiG X D + G X {Xd\D)) mod n, 

E: Ea£.^ Gehox{Xai) 

where Ie, "tuq are properly chosen integers. Fix an element A E {D}, then 
for each g E A{Xd',M.) we get 

E: Ei=A 

where ipA is as defined in (jHl . Let u = . Ed=A ^EEd' ; therefore, m is a common 
zero of all mappings g\ g E A.{Xd' , M). Now, it follows from the assumption on 
the minimality of d that u G n{Xdi). Hence 

u® A= ^ IeE e n, 

E: Ea=A 

and to each G G box(Xc(') there correspond integers pc, re such that 
x= pG{GxD)+rG{Gx{Xd\D)) mod n. 

GGbox(X^,) 

Denote the element on the right by y and again take g G A{Xd',^)- We have 

0= (<?®X.«)^(y) = Y PG9{G). 

Gebox(Xrf,) 

By the same argument as before, we deduce that '}2g&:o^(x^,)Pg{G x D) E n. 
Similarly, 

Q = {g®{i-xss))Hy)= ''Gg(G), 

Gebox(X^,) 

and ^g&,ok(x ,) '^g{G x [Xd \ D)) G n. Hence x E n, which is a contradiction. 

□ 

Let Ab(X, M) consists of all functions /: Box(X) R such that for every 
twin pair A, B E Box(X), 

f{AuB) = f{A} + f{B). 
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Lemma 36 If f € Ab{X,R), then there is a function g e A(X, R) such that 
/ = 5|Box(X). 

Proof. Let C S Box(X). If C is not proper, then there is an index i ^ i{C). 
Let us choose a twin pair A, B £ Box(X) so that Ci' = Bii = A^r. Then by 
the fact that / G Ab(X,R) we have f {C) = f{A) + f{B). Observe that i{A) 
and i{B) are both of greater size than i{C). If A and B arc not already proper 
boxes, then we split up each of them into a twin pair. We proceed this way till 
we obtain a proper suit ^ of C. Clearly, for this suit we have 

fic) = J2 /(^). 

Since g = /|box(X) belongs to A(X, M), the latter expression for f{C) shows 
that / = ,g|Box(X). □ 

In the remainder of this paper, any element from A(X, ffi.) and the corre- 
sponding element from As {X, K) will be denoted by the same symbol. 

Let us denote by N{X) the submodule of ZBox(X) spanned by the elements 
of the form {AU B) — A — B, where A, B <E Box{X) run over all twin pairs. 

Lemma 37 Zhox{X) + N{X) = ZBox{X). 

Proof. It suffices to prove that for each C G Box(X) there is a y G Zbox(X) 
such that C — yG N{X). We proceed by induction with respect to fc = d — i{C). 
Let us choose a twin pair A, B € Box(X) so that C = AU B. As i{A) and i{B) 
are equal to i{C) + 1, it follows by the induction hypothesis that there are y' 
and y" in Zbox(X) such that A — y' and B — y" are both in N[X). Since in 
addition C - A - B G N{X), we obtain that 

C-{y' + y")eN{X), 

which completes the proof. □ 

Theorem 38 Let ^ C box(X) he an equicomplementary box. Let SS C Box(X) 
he defined so that = {Xi}, whenever i & [d]. For any D £ ^, let 

td G A{X, M) he defined so that td = (8 • • • <8) td^ and 

TD, = [A G + [A = Xi]{i - x^j, 

whenever i & [d\. Then ZBox(X) = N{X) © Z,^. Moreover, the mapping 
P : ZBox(X) Z^ given hy the formula 

is a projection onto Z^, kerP = N{X) and P(Zbox(X)) = Z^. 

Proof. Since rj^, D £ are Z-lincar, P is Z-linear as well. Thus, it suffices to 
show that: (1) P(A) = ^ for A G ^; (2) kerP = Af(X); (3) P(Zbox(X)) = Z^. 
In order to prove (1), observe first that this claim is easily seen for d = 1. 
Therefore, we may assume that d> 1. By the definition of P, one can write 



P{A) = '^D^, {Ad')TDa {Ad) Ad, xAd = u®v, 

D 
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where u = Y^eepj^, '^E{Ad')Ad' , v = Y.Fe.'^d'^P^^d-)Ad. By induction, u G 
Zj^d', while V G Z^<j- Consequently, P{A) G Z^. 

From Lemma 03 it follows that for each x G ZBox(X) there is a ?/ G 
Zbox(X) such that x = y{mod N{X)). Thus, by the definition of P, we have 
P{x) = -P(y), which proves (3). 

To prove (2) assume in addition that a; G kerP. Then y G kerP as well. 
By the definition of P, it means that Tjj{y) — for each D G By Lemma 
1171 the system td, D E 3§, is a, basis of A(X, K). Thus, combining this fact 
with Proposition IJH leads to the conclusion y G n{X). Since 'n{X) C N{X), we 
obtain x G N{X). □ 

REMARK 1 Let J# C box(A) be two suits. Theorem 1^ can be rephrased 
so that it can be used to decide whether ^ and are suits for the same 
polybox: it is the case if and only if Ind (^, C) = Ind(^l',C), for every C G 
Box(A). This criterion relates to the system (pc, C G Box(X). As indicated 
by Lemma El we can replace the latter system by any basis of A(A, R), for 
example, by td, Z? G where 3§ is as in Theorem 1381 In fact, this theorem 
gives us a simple computational method to verify whether two suits determine 
the same polybox. To describe this method, we shall identify, as we tacitly 
have already done, {^^^j^ Z Box(Ai) with ZBox(A), by letting B G Box(A) 
correspond to Pi (g) ■ ■ • (8) Bd, and extending this correspondence by linearity. 
Let Pi : ZBox(Ai) Z^.^ be the projection with the kernel N{Xi), for each 
i G [d]. It can be seen that P — Pi Cg) • • • lE" Pd (see the next remark). By 
Theorem 1381 and Lemma |24l two, possibly improper, suits ^ and ^ define the 
same polybox if and only if 

J2 PMi) Pd{Ad) = J2 ^i(^i) ® • • • ® Pd{Ad). 

Observe that Pi{Ai), i G [d], are easily calculated 

^ ifA,G^„ 
\x,~{X,\Ai) ifA, 

Therefore, in order to decide if ^ and are suits for the same polybox it suffices 
to write the sum X^Ae.^ -F'i(^i) ® ■ • ■ ® Pd{Ad), where Pi{Ai) are as described 
above, and expand it to get an expression of the form X^cg.® cacC, then repeat 
the same for . If the resulting expressions coincide, then the suits define the 
same polybox, otherwise they do not. 

REMARK 2 Let us set P° ^ N{Xi) and R\ = Z^,;, ie[d\. Then ZBox(Ai) = 
po ® R] and 

ZBox(A)= QP^i^-.-^P^'^Z^© Rl' ■ ■ ■ (E) R'/ . 
Now, it follows from Theorem 1381 that 



Ni^)= Rl' (S>■■■(S>Rd''■ 
e=^{l,....l) 
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This equation can be the launching point for an alternative approach to our 
theory. It seems to be even simpler than ours but at the same time less nat- 
ural. There is yet another approach which we found at the beginning of our 
investigations. We are going to publish it elsewhere. 

10 Words 

Let S* be a non-empty set called an alphabet. The elements of S will be called 
letters. A permutation s s' of the alphabet S such that s" = (s')' = s and 
s' ^ s is said to be a complementation. Each sequence of letters si • • • Sd is 
called a word of length d. The set of all words of length d is denoted by S"^. 
Two words si ■ ■ ■ Sd and ti ■ ■ -td are dichotomous if there is an z g [d] such that 

In connection with applications to the cube tilings, it is suitable to consider 
d-boxes of arbitrary cardinality. From now X is a d-box \i X — Xi x ■ ■ ■ x Xd 
and \Xi\ > 2 for each ? € [d\. Definitions of a proper box, a suit, a polybox 
etc. remain unchanged. Suppose now that for each i € [d], we have a mapping 
fi'.S—f box(Xi) such that fi{s') — Xi \ fi{s). Then we can define the mapping 
/: S"^ ^box(X) by 

/(si ■■■Sd) = /i(si) X • • • X fd{sd). 

There is an obvious parallelism between / and the mappings that preserve 
dichotomies. Therefore, we shall refer to / as a mapping that preserves di- 
chotomies as well. If W S'^, then f{W) = {f{w): w G W} is said to be 
a realization of the set of words W . The realization is said to be exact if 
for each pair of words v — si ■ ■ ■ Sd, w — ti ■ ■ - td in if s,; {ti, t'^}, then 

Ms,)^{f,{t,),x,\f,it,)}. 

If W consists of pairwise dichotomous words, then we call it a (polybox) 
genome. Each realization of a genome is a proper suit. Two genomes V and W 
are equivalent if the realizations f{W) and f(V) are suits of the same polybox 
for each mapping / that preserves dichotomies. Now we collect several criteria of 
the equivalence. Two of them have been already discussed in previous sections, 
where they are expressed in terms of suits. 

We begin with the criterion which is a consequence of Theorem OHl and is 
described in detail in Remark ^ Let us expand the alphabet S by adding an 
extra element *. This new set of symbols will be denoted by *S. Let S+ and 
S- be arbitrary subsets of S satisfying the following equations 

5_ = {s': s G S+} ^S\S+. 

Let *S+ = 5*+ U {*}. Let us consider the ring Z[*S] over Z freely generated by 
*S. Let us identify each s G S- with * — s', and denote the ring which we obtain 
by this identification from Z[*S] by R. It is clear that each word u G S''' can be 
expanded in R so that it is written in a unique way in the form of an element 
w+ of the free module 2*5*+ C R. For a finite V C S"^, we define V® G Z*5+ 
by the equation V® = J2v£V 

Theorem 39 Let V^WcS'^ be two genomes. Then V and W are equivalent 
if and only if V® = W® . 
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For each u £ (*'S')'^, let the mapping : S*"* ^ M be defined by the formula 

d 

fniw) = Y[i[s^ = U] - [s, = t'i\ + [s, = *]), 

8=1 

where we let it = Si • • • Sd, w = ti ■ ■ ■ td- We can define the index for genomes 
being the counterpart of the index for suits 

lnd{W,u) = Vu{w). 

Theorem 1251 leads to the following result. 

Theorem 40 Two genomes V , W <Z S'^ are equivalent if and only if for each 
u G {*SY 

Ind(F,M) = Ind(W^,M). 

Let us remark that in order to check the equivalence we do not consider all 
u, in fact it suffices to restrict ourselves to u G {*S+Y even to those words 
u = si ■ ■ ■ Sd-, that for each i G [d] at least one of the letters Si, s[ appears at 
i-th place of a certain word from V U W . 

Let C 5'' be a genome and let u G S'^ be a word. We say that v is covered 
by W , and write v C W , if f{v) C [J f{W) for every mapping / that preserves 
dichotomies. Let us define g: S'^ x. S'^ ^Ihy the formula 

d 

g{v,w) = \{{2[s,^U\ + [s,(^{U,Q\). 

i=l 

Let 

E{S) = {B CS: \{s, s'} r\B\ = 1, whenever s G S}. 

Similarly as in Section |H1 for each letter s G S*, let us put Es = {B G £'(5') : s G 
B}. Lemma 03 can be rephrased as follows 

Lemma 41 // S is finite, si, . . . , s„ G S and Si ^ {sj, s^} for every i ^ j , then 

\Esin---nEs,,\ = ^\EiS)\. 

For each word u = si ■ ■ ■ Sd G S"^, let us define m = Esi x • • ■ x Esd- It is 
clear that the mapping S'^ 3 u t-^ u preserves dichotomies. 

Theorem 42 Let v e S"^ and let W C S'^ be a genome. Then J2w&w ^) — 
2'^ . Moreover, the following statements are equivalent: 

(1) v\ZW, 

(2) vC[j^^^w, 



(3) J:^,^w9i^^^)^^^- 
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Proof. Since the number of words involved is finite, the number of letters that 
constitute these words is finite. Therefore, we may restrict ourselves to a finite 
subset of the alphabet S. (Such a restriction will influence the sets u, w G 
W U {w}, as they depend on the alphabet, but it does not influence the relation 
(2).) Observe that by Lemma HTl and the definition of g one has 

. _ g{v,w)\v\ 
\v r\w\ = 



2d 

Since w, w £W, form a suit, we get 



\v\>\vn [J ^ , (25) 

wew w£W 

which immediately implies the first part of our theorem. If w C W, then v C 
UjuGW ^ ^^'^ (|25|l becomes an equation. Therefore, it remains to show, that if 
J2wew9iv,w) = 2^, then v ^W. Equivalently, if i; C [j^^-^yW, then v ^W. 
Suppose that v % W. Then there is a d-box X and a mapping f : hox{X) 
that preserves dichotomies such that f{v) % IJ /(W^). 

Claim If F is a 1-box and h: S ^ box(y ) preserves complementarity, that is, 
h{s') — Y\ h{s) for each s G S*, then for every y &Y there is a C G E{S) such 
that 

[y e h{s)] = [s e C]. 

It suffices to put C = {s: [y £ h{s)] = 1}. 

Suppose that x G f{v) \ [J f{W). By Claim and the definition of /, there is 



a 6 G E{S)''-, b = {Bi, . . . , Bd), such that for each u G S"^, u — si- 



d 



G fiu)] = Y[[x, G /.(s,)] = Y[[u, G B,] = [be u]. 

i=l i=l 

Therefore, b £v \ IJtogvF ^ ^^'^ consequently v % Uujew 

Let C 5^ be two genomes. We say that W covers V, and write 

V C W, if each v £V is covered by W. 

Proposition 43 Two genomes V and W contained in are equivalent if and 
only if W covers V and \V\ — \ W\. 

Proof. The implication '=>' is obvious. 

We may assume that S is finite. Then |u| = 2'^l'^l~^^'^ for each u G S^. Since 

\V\ = \W\, we get 

iyi;l = 2(i^i-^)>i = l u W\. 

vev w£W 

This equation together with the assumption V CIW give us Uuev ^ ~ U«,ew ^■ 
Therefore, for each w £ W we have w C [J^,^y v which, by Theorem 1421 implies 
wQV. □ 

REMARK 3 By analogy, we can define binary codes for 5^*. One can deduce 
from Proposition 1431 that V and W are equivalent if and only if P{V) — f3{W) 
for each binary code (3. 
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For w G 5**, w — si ■ ■ ■ Sd, and e G define = s^^ • • • s'^/ in the same way 
as it has been done for boxes. Denote by Cu, the set {w^ : e G Zj}. An inspection 
of the argument used in the proof of Theorem 1321 suggests the following 

Theorem 44 Let v e S'^, and W c S'^ be a genome. If v \Z W and v ^ W , 
then there is a w GW such that 

\ind{w,w)\ < |c„ nw^l. 

Let C = Cw for some w £ S'''. As in the case of simple suits, we say that m, 
V & C carry the same sign if (—1)'^' — 1 for the only e such that u'^ = v. The 
orientation C^, C+ of C is defined accordingly (cf. Sectional). Suppose that 

is a genome and suppose that for each w W we have chosen an orientation 
C+, C~ of Cw These orientations define the following decomposition of W: 
W+^Wn U^evv C+,W' =Wn [j^^^ C~. We caU it tnduced. 

Theorem 45 (rigidity of genomes) IfW,Vc 5*^ are equivalent genomes, 
W'^ , is an induced decomposition of W and C V, then W — V . 

Proof. Let v G V \ . Then v □ W~ . If u ^ , then by the preceding 
theorem there is a w G such that |Lid(VK~,w)| < \Cw H W^\, which 

contradicts the definition of W" . □ 



11 Rigidity of cube tilings 

Proposition 46 Let W C S'^ be a genome. Let X be a d-box whose cardinality 
can be infinite. If f '■ S'^ — > box(X) preserves dichotomies, then the realization 
f{W) is a proper suit for X if and only if \W\ — 2'^ . 

Proof. For each Xi one can find a finite subset Yi such that F is a d-box and 
f{w) n y G box(y), whenever w G W. If f{W) is a proper suit for X, then 

= {f{w)r\Y: w G W} is a proper suit for Y. Therefore, ^ has to contain 2'^ 
elements (see Section|21 also (GKP, Theorem 2]). On the other hand, |^| = \W\. 

Suppose now that there are W and / such that IJ f{W) ^ X. Let x G 
X\[j f{W). Then there is a finite d-box Y such that x eY and ^ = {fiw) n 
Y : w G W} C box(y) is a proper suit. Since \ W\ = 2^^, then, by Theorem[3 ^ 
is a partition of Y. Thus x G f{w) for some w, which is a contradiction. □ 

Our next lemma follows immediately from the preceding proposition and the 
definition of the cover relation 

Lemma 47 // C S"^ is a genome that consists of 2'^ elements, then v Q W 
for each v G S"^ . 

Theorem 48 Let W C S'^ be a genome that consists of 2'^ elements. Let W'^ 
and W~ be an induced decomposition of W . If {v} U is a genome, then 
V G W-. 

Proof. By the above lemma and the fact that {v}U is a genome, we deduce 
that V C . The conclusion follows now immediately from the definition of 
W~ and Theorem El D 
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REMARK 4 This result verifies the rigidity conjecture for 2- extremal cube tilings 
of Lagarias and Shor |LS2| which states that determines W~ uniquely if 
|C„ nW\ = 2 for each wGW. 

Proposition 49 If X is a d-hox of arbitrary cardinality and ^ is a partition 
of X into proper boxes such that \^\ — 2'^, then ^ is a suit. 

Proof. Fix two elements A, B G ^ . Pick a finite box F C X so that ■!^y — 
{D : D e ^} C box(F). By definition, is a partition of Y which 
consists of 2'' elements. By Q and Theorem^] is a minimal partition of Y . 
It follows now from Theorem ^ that it is a suit. Hence there is an i e [d] such 
that AiV\Yi ^ Yi\ Bi. It is clear that if A and B were not dichotomous, then 
for properly chosen Y their intersections with Y would not be dichotomous in 
Y. □ 

Let T be a subset of R'^. The family [0,1)'* + T = {It: t e T}, where 
/t = [0, 1)'* + 1, is a cube tiling of R'^ if R'^ = UtgT and n A, = for distinct 
u,v T. This cube tiling is said to be 21/^ -periodic if T is 2Z''-periodic. 

Consider the alphabet S — (—1,1] with complementation s s' defined by 
the equation |s — s'| — 1. We write the elements of S'^ as vectors: t ~ {ti, . . . ,td). 
Let Jt^ hn [0, 1]'*. Define 

W = {teT: Jt7^0}c5"*. 

It is easily seen that each box from ^ = { Jt : t e W} contains exactly one vertex 
of the cube [0, l]''. Therefore |^^| = 2'^. Theoreml49limplies now that is a suit. 
The latter fact leads to the conclusion that is a genome. Let W~ be an 
induced decomposition of W. Define T+ + 2'L<^ and T- =W- + 21'^. 

Theorem 50 (chess-board decomposition) Let [0,1)"* + T be a cube tiling 
ofW^, T+, T~ be as defined above and z G R"^ . If Iz is disjoint with [0, l)'^-\-T~^ , 
then z G . 

Proof. Let = [0, l]"* + z. Define U C (-1, l]"* so that w e L/ if and only if 
/„+z intersects K^. As in the case W ., the set L/ is a genome and \\J\ ~ 2'^. 
Let U+ = U n {T+ ^ z), U- = U n {T- - z). Clearly, U+ , C/" is an induced 
decomposition of U. Observe that since Iz is disjoint with [0,1)'* + T+, 
is dichotomous to each element of . Therefore, by Theorem 2H1 we have 
C U~, which in turn implies z G . □ 
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